In this note we establish the explicit relation between correlation functions in N = 4 SUSY Yang-Mills theory on S 3 × R in a double scaling limit and scattering amplitudes of the String Theory on the pp-wave background. The relation is found for two-and threepoint correlation functions in these theories. As a by product we formulate a dictionary for the correspondence between these theories: in particular, we find some unknown relations between the parameters in these theories. Furthermore, we argue that the String Theory on the pp-wave background is related to four-dimensional SUSY Yang-Mills theory rather than to the reduced matrix quantum mechanics. We identify string theory excitations which are related to the Kaluza-Klein excitation of the Yang-Mills theory on S 3 .
Introduction
It is obvious that in every scientific exploration there should be an independent "judge". In particular, in phenomenological theoretical physics the role of such a judge is played by the experiment. The situation is such that there is no any widely accepted "judge" in String Theory (ST). Though, in this case it is natural to accept as such a judge the "mathematical experiment". By the "mathematical experiment" we mean a relation (formula) with LHS and RHS and equality between them, where these sides were calculated in seemingly unrelated to each other theories. Once someone accepted the assumptions or, if you will, definitions underlying the calculations behind the relation in question, he can check the relation himself and find it to be wrong or correct.
One of the "mathematical experiments" which string theoreticians are trying to perform nowadays is to find a relation between gauge and gravity (string) theories. It is considered as a first step towards understanding the relation between these two kinds of theories in general. Recently there were found some examples of such a relation. For example:
• The relation between old matrix models and two-dimensional gravity (see for review [1] ).
We will refer to this relation as MM/2D gravity correspondence.
• The relation between WZNW model and Chern-Simons theory [2] . We will refer to this relation as WZNW/CS correspondence.
• The relation between M-atrix theory and light-cone eleven-dimensional gravity in flat space [3] or the relation between IKKT M-atrix model and type IIB ST [4] . (M-theory correspondence).
• Relation between N = 4 SUSY Yang-Mills (SYM) theory at large rank of the gauge group and large coupling constant and type IIB supergravity on AdS 5 × S 5 space with background RR tensor flux [5, 6, 7] (see for reviews [8, 9, 10] ). The so called AdS/CFT correspondence.
• Relation between N = 4 SYM theory in a double scaling limit and type IIB ST on the pp-wave background [11] . The SYM/pp-wave correspondence.
The MM/2D gravity and WZNW/CS correspondences are the relations between small dimensional topological theories. Thus, there is no any involved dynamics in such relations. The M-theory correspondence already establishes a relation between dynamical theories. SYM theory is one of the sides of the relation. However, the SYM theory is small dimensional one, i.e. matrix quantum mechanics (MQM). Note that the M-theory correspondence relies on SUSY non-renormalization theorems, but it is checked for correlation functions of such operators which do not respect any SUSY.
In the context of the relation between gauge and gravity theories the AdS/CFT and SYM/pp-wave correspondences are the most interesting among the listed above relations. They give a hope to find an explicit ST description for a dynamical four-dimensional gauge theory. Unlike the first three relations the AdS/CFT and SYM/pp-wave correspondences did not receive any explicit check, which would not rely on SUSY invariance of operators considered in the "experiment". Let us clarify this point. The AdS/CFT correspondence is the relation of the following kind:
where on the LHS the average is taken with the weight exp{i S 0 [Φ]} in the four-dimensional SYM theory. The content of fields on the LHS is denoted for simplicity by Φ, O {j} [Φ] is a basis of local gauge invariant operators (with quantum numbers {j}) in the theory. At the same time on the RHS of (1) Ψ Q is a wave function in AdS 5 × S 5 supergravity characterized by concrete quantum numbers denoted by Q [12] . Note that to find this wave function one takes the "time-slice" with respect to the Euclidian "time" (u in common notations) in AdS 5 . So it seems that eq. (1) is an explicit formula, which can be checked by a direct calculation. However, the problem is that both sides of it are not sufficiently well defined. At this stage this is a kind of the strong/week coupling relation -duality. This is mainly due to the fact that one does not know how to work with the ST on such a complicated background as AdS 5 × S 5 . As the result almost anything, which can be calculated on the RHS is non-analytic in the coupling constant of the LHS or independent of it. In fact, normally any calculation which can be performed on the RHS is a strong coupling calculation from the SYM point of view. Thus, all observations that favor the AdS/CFT correspondence strongly rely on correlation functions of SUSY respecting operators. This is the main obstacle on the way to perform the "mathematical experiment" for the AdS/CFT correspondence.
On the other hand, in the SYM/pp-wave correspondence the ST on the pp-wave background is a rather simple theory [13, 14] . This gives a hope to check the correspondence explicitly. In fact, many quantities which can be calculated on the ST side appear to be analytic in the SYM coupling constant [11] . This means that the correspondence can be established for any correlation functions in the theories without any respect of SUSY. However, to our knowledge, for the SYM/pp-wave correspondence there is no any well established explicit relation like eq.(1) . We believe, however, that it should exist because the correspondence was obtained as a limit of AdS/CFT correspondence [11] .
In the SYM/pp-wave correspondence it is established that the masses of the ST states are equal to the conformal dimensions of the SYM operators [11, 16, 17] . Furthermore, there is a relation between the structure constants for operator algebras in both theories [18, 19] . However, there was not found any explicit relation between correlation functions in SYM and ST. Moreover, it is not clear whether the ST on pp-wave is related to the four-dimensional SYM or only to the reduced MQM. So the "experiment" is not yet complete in this case. In contrast to AdS/CFT correspondence it is not even clear what should be checked.
The goal of this paper is to formulate the SYM/pp-wave correspondence in the form similar to eq.(1) and to make a few rigorous checks. We establish the explicit relation between spacetime dependencies of the two-and three-point correlation functions in SYM theory and ST on the pp-wave background. We present arguments which support that it is four-dimensional SYM rather than just reduced MQM is related to the ST. As a by product we formulate the vertex operator formalism in the light-cone (LC) gauge for the conformal field theory describing ST on the pp-wave background.
The explicit formula which we obtain for the SYM/pp-wave correspondence looks as follows. On the SYM side we consider generating functional of connected correlation functions of the O We establish relations between the quantum numbers of O n J L, k, m (t) and of V p + n M (p − ) operators: three components of the eight-vector M are related to the Kaluza-Klein (KK) quantum numbers L, k, m. As well we show that the scale parameter of the pp-wave metric -µ in the notations of [11] -is related to the inverse radius of the S 3 on the SYM side. One can see similarity between these two parameters already at the first glance: in both theories we can scale them to any fixed non-zero value.
Furthermore, we show that
Hence, we argue that there should be a relation as follows:
The normalization (denominator) on the LHS is chosen so that to make the correlation function well defined in the double scaling limit, i.e. to cancel the part in the conformal dimension which is due to the multiplicity of the fields standing inside O's.
In this note we check the relation (6) on the planar level for two-and three-point correlation functions. But we believe that it could be established at any level.
String Theory side
In this section we discuss ST on the pp-wave background. To keep the paper self-contained we start with the derivation of the pp-wave metric from the "AdS" one. Then we proceed with the LC quantization of the strings on the pp-wave background. We conclude this section with the derivation of the string vertex operators and calculations of two-and three-point mass-shell amplitudes of the ST.
2.1
The pp-wave metric as the limit of AdS 5 × S 5
To establish the SYM/pp-wave correspondence one assumes that the AdS/CFT correspondence is correct in its strong form 2 and takes a kind of the double scaling limit on both sides of the relation.
On the AdS side one considers type IIB ST on the AdS 5 × S 5 background (in this text we always use Minkowski signature):
with a flux of the RR four-form gauge field. Here R 4 ∝ α ′ g s N is the radius of both AdS 5 and S 5 expressed in terms of the string coupling constant g s and the RR flux N; α ′ is the inverse string tension. Note that the boundary of this metric is at ρ → ∞ and is S 3 × R parameterized by t and Ω ′ 3 . To obtain the pp-wave limit one changes the coordinates to:
where r and y are four-vectors. At the end, one takes R → ∞ while keeping x ± , r and y finite. As the result one obtains from eq. (7) the pp-wave metric [22] :
where x a = ( r, y), a = 1, ..., 8. In the limit in question the RR flux is:
with an arbitrary dimensionfull parameter µ.
To have a reasonable theory in this limit one must keep the light-cone energy p − and momentum p + of the strings finite:
where ∆ is the energy in AdS 5 × S 5 ST, while J is the angular momentum along ψ direction or charge under U R (1) ⊂ SU R (4) ∼ = SO R (6) -group of rotations of the six coordinates transversal to the D3-branes. The D3-branes are the source for the AdS 5 × S 5 space. Thus, to keep the quantities in question finite in the R → ∞ limit one must take the double scaling limit
As a side remark relevant for our further discussion let us note that according to [12, 20] the AdS/CFT correspondence tells us that the SYM theory lives on any hyper-surface ρ = const of (7). The latter constant defines the energy scale of the SYM [5, 12, 20] . Hence, after the double scaling limit is taken the SYM theory lives at any four dimensional hyper-surface r = const of the space (9), which is parameterized by coordinates t and Ω ′ 3 . Moreover, according to [21] the time coordinate t of the SYM theory should be identified with x + -the time coordinate of the ST on the pp-wave background. We come back to this point below.
Quantization of strings on the pp-wave background
The LC ST action in the pp-wave background in the GS formalism is [13, 14] :
where x a are two-dimensional scalars describing embeddings of the strings into the target-space; S are two-dimensional Majorana fermions, which carry positive chirality spinor indexes under the Spin(8) group. The x and S fields in the second line differ from those in the first line by the rescaling by √ p + . The bosonic part of this action appears from the non-linear σ-model with the pp-wave metric, while the mass term for the fermions can be understood as appearing from the coupling of the GS fermions to the RR background (10): Γ 1234 is the corresponding anti-symmetric product of the gamma-matrixes.
The harmonic expansion of x a (σ, τ ) is [13, 14] :
where 0 ≤ σ ≤ 2 π α ′ p + and
After quantization we get the following commutation relations:
Note that in the µ → 0 limit b andb become standard left handed (holomorphic) and right handed (anti-holomorphic) harmonics and eq. (14) becomes the standard expansion. At the same time the Laplace equation (both for scalars and for tensors) in the pp-wave metric is:
where c is the specific constant [13, 14] (c = 0 for scalars) and m is the mass of the field. The solution of this equation is:
where χ M (x) = a χ Ma (x) are the wave functions of the eight-dimensional harmonic oscillator. In particular, χ 0 (x, p + ) = exp{−p + x 2 a /2}. Note that the vector p, p + , p − in the flat space-time is exchanged for M, p + , p − in the pp-wave background. Thus, in the pp-wave background the string center of mass degrees of freedom are in a particular oscillator quantum state [13, 14] :
and b ± 0 ∝ x 0 ± i p 0 /µ. Furthermore, above each of these states there is the tower of the string excitations created by the action of the b + n operators with n ∈ Z, n = 0. The mass levels of the ST are given by n ω n N n [13, 14] and the constraint on the physical states is:
where P is the two-dimensional momentum operator and N n is the degeneracy of the n-th level [13, 14] .
Vertex operators and correlation functions
Let us consider physical states in the theory. Due to the condition (20) the simplest physical string excitations are given by:
where
The mass of such a state (above the zero-energy level of the eightdimensional oscillator) is:
Let us construct LC conformal vertex operator for creation of such a state. It is not hard to see that:
where |0 is the vacuum annihilated by b's without + and sign(∂ σ ) is the sign of the corresponding derivative acting on harmonics of x. In the limit µ → 0 such a vertex operator becomes the standard vertex operator for the strings in the flat space:
where σ and τ are coordinates on the cillinder 3 and ∂ ± = ∂/∂σ ± ∂/∂τ . Thus, the local vertex operator for the scalar part of the state (21) is given by:
where flat space factor e i p x is exchanged for χ M (x, p + ). The mass-shell condition is:
which is imposed to respect conformal invariance. Let us calculate mass-shell correlation functions for such operators. The K-point function is given by:
where the δ-functions for p − j appear from the mass-shell condition; CFT K is the standard Kpoint LC correlation function in ST, which is independent of all p − j . It is a rather complicated correlation function due to the presence of the factors χ M (x, p + ) [15] . Such a correlation function is necessary to study to understand the relation of this ST to SYM in full detail and, in particular, to understand the structure of the algebra of the vertex operators (25) 
It is not hard to see that the two-point function is nothing but the following transition amplitude in the ST
where H LC is the Hamiltonian corresponding to the action (13) expressed in terms of the harmonics b of the field x(σ, τ ). At the same time, the three-point correlation function is proportional to
Calculation of what is standing instead of dots we leave for future. The three-point correlation functions give OPE coefficients which were considered in [18, 19] in a different approach. For our purposes, however, we need only space-time dependence of the string scattering amplitudes. Thus, to find a correspondence of the ST in question to the SYM theory we should reproduce such correlation functions from the SYM. This is exactly what we are doing below.
SUSY Yang-Mills theory side
We start with the identification of the relations between different parameters in the SYM and ST. From eq.(11) it follows that:
From the ABC of the AdS/CFT correspondence we know that ∆ is the energy of a state in the SYM theory on
The SO R (6) is the group of rotations of the six scalars present in the N = 4 SYM theory, while SU R (4) 4 Because the χ factors in eq. (25) can be absorbed into the brackets:
. . . At the same time rotates four Weil fermions. There is the unitarity bound in the SYM theory which states that: ∆ ≥ J. Furthermore, N is the rank of the gauge group. As well it is known from the D3-brane action that: g s = const g 2 , where g is the SYM coupling constant. Let us now specify the double scaling limit which one considers on SYM side. We have [11] N = 4 SYM on S 3 × R with the action 5 :
where ν = 0, ..., 3, R is the curvature of S 3 × R (i.e. of S 3 ) and ΦĪ,Ī = 4, ..., 9 are six real scalars. All the fields in the theory are in the adjoint representation of the gauge group U(N). It is important that the N = 4 SYM theory is conformally invariant, because it has vanishing β-function. This explains the conformal coupling of the scalars Φ to the curvature R in eq.(32) . Now it is clear what happens with the SYM theory in the limit (12) . One has to consider only those states of the theory on S 3 × R which have J → ∞ charge. To construct corresponding operators we combine two of the six scalars Φ into:
This Z field carries unit of the U R (1) charge in question. Hence, for example, the operator which saturates the unitarity bound ∆ = J is:
The state corresponding to this operator plays the role of the vacuum in our further considerations of the double scaling limit. The proper excitations above such a vacuum should have finite energies (anomalous conformal dimensions) in the double scaling limit (12) . According to [11] the simplest such states are as follows:
In [18, 26, 24, 25] it was shown that the one loop anomalous dimensions of these operators are given by (J → ∞):
5 The conformal transformation from R 4 to S 3 × R is:
Note that under such a conformal map the CFT correlation functions are converted into transition amplitudes.
where the second term on the RHS is the planar correction, while the third one is non-planar. Actually it was argued in [16, 17] that all planar corrections can be summed to give the expression:
Under the identification (31) one finds the relation between the spectra of the SYM and ST ∆ n − J = m 0, n , where m 0, n is given by eq. (22) . These formulae show that
plays the role of the effective t'Hooft coupling constant in the double scaling limit. On the SYM side it is the weight for planar loop corrections to correlation functions of the operators like (35). On the ST side, due to eq.(31) , it is the weight for σ-model quantum corrections. At the same time it is tempting to identify:
This means that the non-planar correction in eq.(37) is proportional to λ · g 2 s . Furthermore, below we show that
where µ is the parameter of the pp-wave metric (9) . Thus, the free SYM is reproduced when
On the ST side this limit corresponds to: µ ≫ 1 α ′ p + Hence, we can neglect the second term in eq. (13) in comparison with the mass term for x: (42) i.e. free SYM theory corresponds to the infinitely many (parameterized by σ) non-interacting SUSY oscillator quantum mechanics 6 . The relation between the free SYM and the theory (42) can be established with the full mathematical rigor. Moreover, it is not hard, using the relations (31), (38), (39) and (40), to define the SYM perturbation theory from the theory with the action (42).
The opposite -strong coupling -limit corresponds to the situation when µ ≪ 1 α ′ p + . Hence, ∂ σ x a = 0, i.e. all the string excitations become infinitely massive and decouple in the limit. In this situation we obtain the weakly coupled supergravity on the pp-wave background. It's scalar mode is described by the SUSY oscillator quantum mechanics:
It is easy to establish a map between physical states of the SYM theory in the strong coupling limit (plus the double scaling limit) and physical states of the theory (43). However, here we are not going to study this limit in any more detail. From now on we consider SYM theory in the weak coupling limit (41) and tern on first λ and then J 2 /N.
From SYM to ST Hamiltonian
In this subsection we carefully repeat all the arguments of [11] and clearly specify the limit in which they are valid. Consider separately all KK modes 7 of the SYM fields on S 3 . On the level of the zero-modes the theory is described by MQM:
where D 0 = ∂ t + i g 2 N A 0 and R A 2 i term appears due to the SUSY with sixteen supercharges. It is worth mentioning at this point that everything which is done in this subsection is valid only in the planar limit. Thus, we have to consider J 2 /N → 0. Then if we take λ = g 2 N/J 2 → 0 as well we can neglect commutator terms in eq.(44) if we are going to consider only correlation functions of such operators as (35) (which survive in the double scaling limit). Hence, the MQM action in the extreme of the weak coupling limit is:
This is true even despite the fact that g 2 N → ∞ in our double scaling limit.
It was shown in [23] that in the planar approximation the master fields for A i , Φ I and Z in the gaussian MQM are described by (up to a gauge transformation [23] ):
were α and β are Cunz operators. They obey no any relations except:
where β a = (β I , β i ) and the vacuum |0 is annihilated by all operators without +. If one considers in the MQM the states with a large J charge it is convenient to define new vacuum and operators:
Similarly one can define α + l . The relations which are obeyed by these new operators are:
The question is how to see Heisenberg algebra (algebra of the string oscillator modes) within this bigger algebra. In [11] it was argued that appropriate candidates for the free string harmonics are the large J limits of:
In [11] it was argued that one should neglect the terms on the RHS which have the pre-factor 1/J. This is not completely clear for us. At this point we do not know how to find any rigorous and explicit relation between the two algebras in question. But we would like to point out that establishing a relation between Heisenberg and Cunz algebras (which should exist) is very important for the understanding of the SYM/pp-wave correspondence.
Assuming that the arguments of [11] are correct, it is easy to establish the relation between the Hamiltonians of the MQM and ST on the pp-wave background. In fact, let us consider deformations of the free MQM (45) by the potential terms of eq.(44) . In the large J limit the contributions of the most of the potential terms (to the correlation functions of the operators (35)) are suppressed. Only the terms Tr|[Z, Φ I ]| and Tr|[Z, A i ]| do contribute in the limit in question. Thus, substituting the master fields of Z, A and Φ into the Hamiltonian of the theory (44) and using the relations for the master fields, we obtain the Hamiltonian [11] :
Now changing from β's to b's we obtain in the large J limit:
where x is constructed from b's as in eq. (14) . Thus, in this way we obtain the LC Hamiltonian of the ST on the pp-wave background.
One can go even further [11] and establish the correspondence between (gauge invariant) operators/states in MQM and (physical) operators/states in the ST. In fact, using the relation (50) and taking into account the constraint (20) one can establish that: m |0, p + with n = m do vanish [11] . Moreover, only such SYM operators as in (54) have finite anomalous dimensions in the double scaling limit (12) . It was argued in [11] that all other kinds of SYM operators (for example, with insertions odZ) have divergent anomalous dimensions in the double scaling limit (12), i.e. decouple from OPE. In other words, corresponding MQM states have divergent energies and decouple from the spectrum of the theory in such a limit.
At this stage one could ask about KK modes of the SYM fields on S 3 ? Are there any ST states related to them? To answer this question consider the following operators in the SYM theory:
The states corresponding to these operators are linear combinations of the KK excitations of the SYM theory on S 3 . According to eq. (50) we can relate them to the states in ST:
where in the last line the differential D i in the sum acts both on Z and Φ's. This is enforced by the commutation relations (16) 
Correlation functions
Consider the tree-level value of the two-point correlation function of the operators (35) in the SYM theory on S 3 × R:
where we consider scalar part of the operator (35), φ is the coordinate on S 3 , µ is the inverse radius 8 of S 3 , J 1 +2 is the classical conformal dimension of the operator (35) and
is the scalar propagator 9 of the theory eq.(32) on S 3 × R. Note that the first contribution in the third line is due to the zero-modes on S 3 . In eq.(57) we have used the expansion of the propagator
in the spherical harmonics Y on S 3 . Here L(L + 2) is the eigen-value corresponding to the L's harmonic.
Quantum corrections to eq.(57) within four-dimensional SYM theory were considered in [11, 16, 17] . On the level of planar diagrams the result is given by the shift of the conformal dimensions (37). Hence, in eq.(57) the planar loop corrections are taken into account if we substitute
As well it is not hard to calculate quantum corrections to the first term in the last line of the eq.(57) within MQM. Amazingly enough the one loop result coincides with the one loop result of the four-dimensional SYM theory. This is in accordance with the considerations of [27] . However, if the higher loop corrections within MQM to the zero mode contribution in eq.(57) do not coincide with (59) this is a good sign in favor that it is four-dimensional SYM which corresponds to the ST on the pp-wave background rather than MQM. To compare eq.(57) to string scattering amplitudes we have to properly normalize the correlation function (57). It is tempting to divide it by the correlation function TrZ J 1 (t 1 ) TrZ J 1 (t 2 ) to cancel the J 1 part in the value of the conformal dimension 10 . After that, if we take into account quantum corrections and make the Fourier transform over t of each term in the last two lines of eq.(57) we obtain that they are equal to:
It is not hard to see that the first term (correlation function of the zero KK harmonics on S 3 ) in this expression coincides with the string scattering amplitude (27) , (28) for the zero-oscillator harmonics on pp-wave (if we identify p = p − ).
Furthermore, SO(8) invariance acting on the x a and M is broken to SO(3) × SO(5) by the fermions [13, 14] in the theory. The SO(3) factor corresponds to the rotations of S 3 on SYM side. This is in accordance with what we have discussed at the end of the subsection (3.1): the three among eight quantum numbers M a are related to L, k and m of the spherical harmonics. In fact, the last two expressions in eq.(60) are equal to the corresponding correlation functions (27) , (28), where only three M a are turned on rather than all eight. Thus, we can reproduce full two-point correlation function in SYM theory on S 3 × R from the ST on the pp-wave background 11 . All our considerations so far establish relation between planar approximation of SYM theory and free string theory. To make the first step towards establishing relation between interacting theories we have to consider three-point functions of the zero modes of the operators (35). For scalar parts of the operators (35) they are given by: 
where t 3 > t 2 > t 3 and the full conformal dimensions of the operators (35) are given by ∆ =∆ + J. The structure constants C J 1 J 2 J 3 should be compared to the CFT 3 to find the full agreement between this correlation function and (27), (30). At this stage, however, we see that space-time dependencies agree. In fact, after the Fourier transform of eq.(61) over t 1 , t 2 and t 3 we obtain that the three-point correlation function is equal to:
This perfectly agrees with (27) , (30) if p = p − and ∆'s are given by eq.(59) (and if the structure constants do coincide). Taking into account the agreement between CFT 3 and structure constants C J 1 J 2 J 3 found in [19] we can reproduce full four-dimensional SYM correlation function on S 3 × R from the ST. It would be interesting, however, to reproduce the relation between CFT 3 and C J 1 J 2 J 3 within our approach.
Conclusions and Acknowledgments
In conclusion, we found the correspondence between the interacting ST on the pp-wave background and the interacting SYM on S 3 ×R in the double scaling limit. However, the explanation for this relation is still missing: our observations as well as those of [11] , etc. still look mysterious for us. Apart from that there are several immediate questions answers to which are not obvious for us. It is not obvious how it happens that superstring theory torus correction does not vanish to reproduce non-planar correction in eq.(37) ? It would be interesting to see whether the operator mixing of [24, 25, 18, 26] is somehow related to the fact that multiple-point SYM correlators are linear combinations of the multiple-point ST correlators. Furthermore, one of the possible future directions is to calculate the following correlation function:
